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ON A PERIODIC MIXED PROBLEM FOR A STRIP”

N.I. MIRONENKO

The periodic problem of the action of rigid stamps on a strip is considered.
The foundations of the stamps are assumed to be arbitrarily convex and
symmetric about their vertical axes. The problem is reduced to dual
summation equations by a traditional method. Two cases are studied:
the corners of the stamp press on the strip (the width of the contact area
is known), and the corners of the stamp do not reach the strip (the
width of the contact area is unknown). The solution for stamps with flat
bases follows as a special case from the solution obtained. This is
simultaneocusly the solution (apart from sign and notation) of a certain
doubly~-periodic problem for a plane with slits.
The problem under consideration has been studied by other methods in
/1=3/.
1. The domain of the strip to be studied lies in the complex z ==z 4 iy plane (see Fig.
1 on which the base of the stamps is shown flat for simplicity). The stamps acting on a strip
from both sides have identical width and are arranged symmetrically with period 2b. Therefore,
the problem is periodic, and, consequently, we refer all reasoning to the fundamental period
bz
We will write the boundary conditions forthe upper boundary y = a

ve=—f (@), ]z|<c (1.1)
¥ Y,=0,e<]z|<<D
X, =0, |z|<?
2b
a] © q The form of the function f(z) will be indicated below. We
# e " %z denote the pressure under the stamps by Y,,(f) then the load
t:?%g Y,s () on the faces of the strip can be represented as follows:
| 7
Y@ lzl<e
Fig.1 Yyu(z)= i Xya(n) =0, |z|<b (1.2)
) 0, e<jzI<<h
We expand the periodic load Yy (%) in a Fourier series
00
Yva(z)-——Za,.cosx,.z. x,=-":— (1.3)

=0
b

b
Go= "117 S Yya(z)dz, o= % S Yo (z) cosxyriz
° °

We now rewrite the boundary conditions (1.1) by using the Kolosov-Muskhelishvili potent-
ials
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Q) —t Q@ () —P () =26@u—if), t=c+ia, |z]|<¢ (
P+ O+t D+Y () =0,t=z+ia, c<|z|<h (1.3)

It is sometimes convenient to differentiate condition (1.4) with respect to x

i
N

%@’ (1) — @ (@) —tor (&) — ¥ () = 26 (' — if) (1.6)
t=z4+ia|z|<c

Assuming the periodic load (1.2) and (1.3) to be given on the faces of the strip, we
represent the solution of the problem in the following form:

O A
(p(z)=—‘2';z+ZT"-sinn,,z (1.7
n==1 "
3 O B,
¢(z)=—5-aoZ+2—x—"Slnxnz—ZqJ'(Z)
N "

An = ay sh p/S (), S (n) = 24 + sh 2p,
By = ap (2pach py, + sh p,)/S ()
Un = axy, = nn/e,, &; = b/a

In this solution the coefficients g, are unknown since the pressure under the stamps is
unknown. To determine the a, it is necessary to return to (1.4)—(1.6). We first substitute
+(1.7) into (1.4) and extract the imaginary part since it is precisely given

%‘{‘ZTWL(Pﬂ)COSan:—T('&T)'i(z) (1.8)
=]
L (pa) = sh?pe/S (u), | 2| < €

Proceeding in the same was as with (1.7) and (1.6), we arrive at the following equation:

ZaﬂL(pﬂ)sinn,,z:: xz_g1f'(x), jz|<<e (1.9)

nanl

Finally, substituting (1.7) into (1.5), we obtain

o0

D apcosn,z=0, c<|x|<<b (1.10)
n=0

The dual summing equation (1.8) and (1.10) (or (1.9) and (1.10)) is thereby cbtained to
determine the coefficients a,. We give the function f(z) , which depends on the shape of the
stamp base, in the form

f(z)=§\’k(_-:")2k» [z[<c (L.11)

The quantity y, is unknown here since it characterizes the rigid displacement of the
steamp; the remaining coefficients ¥, (k> 1) are given. The stamps are bounded on the sides
by the lines z == —4-c.

We shall consider two cases separately. The first is when the stamp corners T = ¢
press on the strip. In this case the width of the contact area is known and equals 2c. In
the second case we assume that the stamp corners do not reach the stamp. Here the width of
the contact area 2¢, << 2¢ is unknown, but the solution of the problem will be obtained in a
form such that this width must be given in advance, while the other quantities are considered
to be unknown.

2. We will examine the first case (the stamp corners press on the strip). The width
of the contact area equals the width of the stamps 2c. We take (1.8) and (1.10) as dual
summing equations, taking (1.11l) into account

% , % 4, _ R z \2k P
T-{.—n;—pn—L(l*n)WS%nI—-—m—ﬁ;Yk(T) » le<le (2.1

D ancosxn,z=0, cel|z| b
n=0

To solve this equation we first construct the following discontinuous function:



325

x

. { el
= e b Tl

_6_°+th(u,.c)cosu,,z=i(‘i) T Ve - lel<e (2.2)
= ¢ <lal<b

Here J,, () is a Bessel function of the first kind, Ty (1) are Chebyshev polynomials
of the first kind, and &, is the Kronecker delta.
Now, if the coefficients a, are taken in the form

b ne
Gy=—0* 5, e=— (2.3)

tn=— Y (— D e (n0),

k=0
the second equation of (2.1) is satisfied automatically by (2.2). Substituting (2.3) into
second equation of (2.1) is satisfied automati g (
1.3) and using (2.2) and (1.2), we obtain the pressure under the stamp
o
o V. PRFEN -
Yyelt)=— 5 Lak Tzk(—c'), [zl<e (2.4)
R e

we find ao* = 1.
The formula /4/ o
cosxnz=22 (— )™t 3m (n8) T2 (-:—) (2.6)
MmO

o= Tma =1, [2|< ¢

as well as the following expansion
Tk/2)

=21k 2 WfgemCyx ™ Troam (2), 1211 (2.7
vB =1, v,,;l_.i (k=0,2,4,...), v,.>o_1 (k=1,3,5,..))
are needed below.
Using (2.7), we express the sum on the right side of the first equation (2.1) in terms

of Ty (z/c) o o
f@=Y n(Z)'=) ATy (2, J2i<e (2.8)
k=20 sm0

o

o~ (2K K=

A‘* == Z 21 2k\’£ )thzks
ks

We note that the quantity A,%¥is unknown since ypis unknown while the remaining 4,* are
known.

To satisfy the first equation in (2.1), we substitute (2.3), (2.6) and (2.8), we inter-
change the order of summation on the left side and we equate expressions for identical
Chebyshev polynomials on the right and left /5/. This results in an infinite system of linear
algebraic equations to determine a;*

i(s_:‘ 8x0 + ali ) oug* == 2B Ao* (2.9)

2, a,,,ka,, = (—1)"p4,*, m>1

= (— 7ty = (— 1 Y22 g, () Tap ()

n
Nam]

n G
b=arr 7
The width of the stamp 2¢ (and therefore also ¢) and the force P*are known in the problem
under consideration, but the degree of stamp insertion ¢y, {(and therefore alos of A,*) is
unknown. Conseguently, the right side in the first equation in {(2.8) is unknown and the system
must be solved twice with two different right sides. The first time, the right side in the
first equation in (2.9) must be taken equal to zero, the remaining right sides are retained.
The second time, on the other hand, the right side in the first equation must be retained
while the right sides in the remaining equations are set ecqual to zero. Summing the solutions
of these two systems we find the solution of system (2.9)
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G c Aok
* __ 1) (2 Ao
ot =r o7 (W + W 28 k>0 (2.10)
(W  and 7,® are numerical coefficients). <“he Ao*in the solution obtained is unknown. To

determine it we use the fact that a,* = 1. Hence, and from (2.10) for }k = ( we express Ao*
in terms of P*. The dependence between the degree of stamp insertion vo and the force P* is
thereby also determined. We note that in the case of a plane stamp v, = 0 (k> 1), consequently
(see (2.8)) A,* =7, . Investigation of system (2.9) shows that, depending on the values of
the parameters e and e, it is quasiregular in the worst case.

3. Now we examine the second case (the stamp corners do not reach the strip). We here
assume the width 2¢, of the contact area to be given, and the pressure under the stamp, the
degree of stamp insertion, and the force P** acting on the stamp to be desired.

We take (l1.9) and (1.10) as the dual equaticn. We write the derivative in (1.9) in the
following form '

, 2 - 2k~1 ¢ \2k
f(x)=—c;-zkvk*(-c’1—) el nt=n(2) ®k>0 (3.1)
kel
The following discontinuous function
o (=1 1/ S z
Z_!Gko'f.z Jzkﬂn(m"“") cos K,z =={ 2k+1 ! c_x"U"""(Tx)' lzl<a (3.2)
: P 0, ai<lz| b ea=neyb

is needed to solve the dual equation.
Here U, (t) are Chebyshev polynomials of the second kind.
We take the solution of (1.9) and (1.10) in the form:

Phe yn
W=—""F"% (3.3)

tpm— 22 Y (1) (2 + Do (ne0) (0> 1)
k=0
As follows from (3.2), equation (1.10) will be satisfied automatically here. Substitut-
ing (3.3) into (1.3) and using (1.2), we obtain the pressure under the stamps (P** is the
force acting on the stamp)

2 — =y
Yu@=—222) 1—5 YalUu(£), l2I<a (3.4)
k=0

Substituting (3.4) into the stamp equilibrium condition analogous to (2.5) we obtain that
a** = 1.
To satisfy equation (1.9), we represent sinx,z as follows /4/:

sin %pr ==2 2 (=)™ Jomsa(nee) Toma (-&) , 1zl<a (3.5)
=0
We also express the right side of (1.9), i.e., (3.1), in terms of Tj (t) by using (2.7)
‘()= Y- B,*T 2, 1z
f(z)"‘ m 2m+1 e/ > 1 (3.6)
m=0

©
Byt= Y 2wkycckT
k=m-1
Now substituting (3.3), (3.5) and (3.6) into (1.9), changing the order of summation on
the left and equating right and left expressions for identical Chebyshev polynomials of the
first kind, we obtain an infinite system of linear algebraic equations to determine o ** (k > 0)

2 PP ] G
,,Z'a,,.,a,, =(—1)™1p*B,* (m>0), p*=gr7 5 (3.7)
=0
a:'n‘k - (_, 1)k+m erlr‘ljl‘-ii a::l =

O L
(— 1@k + 1) Y =L s (e0) S (20
n==]l

Investigation of system (3.7) shows that, at the least it is quasiregular depending on
the values of the parameters g and g;. The solution of this system can be written thus (te*
are numerical coefficients):
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ok [ G
o =Tk*_}€T‘{-—1‘P_‘* (3.8)
From (3.8) for k =0 and the fact that g,** = {, we determine the force P**,
To determine the degree of stamp insertion %Yo = Yo* we turn to (1.8), where f(x) (see
(1.11)) is written thus (we use (2.7)):

= B (= £ 4 (2)
k=0

m=0

An =Y 2Byackm, |z|<a
k=m
Furthermore, we use (2.6) in which the £ must be replaced by e&,¢ by ¢, and Jy, (ng,)
must be represented by the following sum /6/:

Jam (neg) = (ney/(4m)) [Jam-y (nes) + Jgmyy (nes)]
Substituting all this into (1.8) and proceeding as in the derivation of system (3.7), we

obtain an infinite system of equations, in which all the equations except the first are satis-
fied identically by virtue of (3.7). The first equation appears as follows:

T Y 0 2k + )l = AT
k=0

L
M= Y 28 () Tanen (mee)

n2

n=1

We determine A,** from this equation (yy* occurs it) since we determined the force P**
earlier.

By virtue of the symmetry, the tangential stress on the strip axis is X, =0 and the
vertical displacement is y = 0, hence, the solution obtained is evidently a solution of the
problem for a strip of width a, resting without friction on an absolutely rigid base and loaded
along the upper face by stamps /1/.

We consider the following problem. A plane is weakened

N by a doubly-periodic system of slits (Fig.2) and is stretched
J— J— — l at infinity in the Oy direction by a mean stress Yy=g¢. Any
Lo & 1 line y=rka(k= 41, 13, £5, ..) as well as y = na(n = 0, +2, 44, ...)
= = ===—r17 can be taken as the axis of symmetry; hence it follows that
d the ligaments between the slits always remain rectilinear.
o L We extract a strip |zi< oo, |[y|<e from the plane under
2 elelet consideration and we write the following boundary conditions
= = = for the fundamental period of this strip
‘VA
v(x) = +fo=const, [z | e, y= Fa
Fig.2 Yy@=0,c<|zI<b, y=a Xy(x) =0, |z2|<b, y=a
These boundary conditions are a special case of condition (1.1). This problem can there-
fore be regarded as solved (see Sect.2). In particular, it is here necessary to set P* = —2qb.
Then the stress Y, in the ligament {z|<e¢, y=a will be determined by (2.4) with the mentioned

replacement for the force P*. The following stress intensity coefficient follows from this
formula
-]

_ _2¢b o*
1= VE n

n=0
Here 2¢ is the width of the ligament (the width of the slit is 2l=2(b—¢). The system
of slits (cracks) is non-equilibrium in the case under consideration.
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